Constructing a Lie group analog for the Monster Lie algebra by Carbone, Lisa et al.
ar
X
iv
:2
00
2.
06
65
8v
2 
 [m
ath
.R
T]
  5
 A
pr
 20
20
CONSTRUCTING A LIE GROUP ANALOG FOR
THE MONSTER LIE ALGEBRA
LISA CARBONE, ELIZABETH JURISICH, AND SCOTT H. MURRAY
ABSTRACT. We describe various approaches to constructing groups which may serve as Lie group analogs for the
monster Lie algebra of Borcherds.
1. INTRODUCTION
Let m be the monster Lie algebra, constructed by Borcherds ([B1]) as part of his program to solve the Conway–
Norton conjecture about the representation theory of the monster finite simple group M . Thenm has decomposition
([Jur1], [Jur2])
m – u´ ‘ gl2 ‘ u
`
where u` (resp. u´) are subalgebras freely generated by certain positive (respectively negative) imaginary root
vectors.
The monster Lie algebra is an example of a generalized Kac–Moody algebra or Borcherds algebra. This class of
Lie algebras has been widely studied. For example, the appearance of m and other Borcherds algebras as symme-
tries in heterotic string theory have been noted ([Ca], [HM], [PPV]). However, there have been no constructions of
Lie group analogs for Borcherds algebras.
There are many methods for constructing Kac–Moody groups, the Lie group analogs for infinite-dimensional
Kac–Moody algebras. For Borcherds algebras, the situation is quite different, due in part to the absence of suitable
representation theoretic, geometric, algebraic geometric and analytic methods in this setting. In particular, the
elements of u˘ do not act locally nilpotently on the adjoint representation, or on the highest weight modules of
interest.
Here we describe several approaches to constructing groups which may serve as Lie group analogs for m. We
construct a group Gpmq given by generators and relations, and show that its ‘unipotent subgroup’ is a subgroup of
automorphisms of a completion pm of m. We also explicitly construct a complete pro-unipotent group of automor-
phisms of pm and we prove convergence of these maps by introducing the notion of pro-summability ([CJM]).
Another approach is to construct automorphisms of m directly. Using this method, we give a representation of the
monster finite simple group M in terms of automorphisms of m ([CCJM]).
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2. THE MONSTER LIE ALGEBRA
For j P Z, let cpjq be the coefficient of q in the modular function
Jpqq “ jpqq ´ 744 “
ÿ
iě´1
cpiqqi “
1
q
` 196884q ` 21493760q2 ` 864299970q3 ` ¨ ¨ ¨ ,
so cp´1q “ 1, cp0q “ 0, cp1q “ 196884, . . . .
We define index sets
I “ tpj, kq | j P Z, 1 ď k ď cpjqu “ tp´1, 1qu \ I im
where I im “ tpj, kq | j P N, 1 ď k ď cpjqu.
The monster Lie algebra m has generating set
te´1, f´1, h1, h2u Y tejk, fjk | pj, kq P I
imu
and defining relations ([Jur1], [Jur2])
rh1, h2s “ 0,
rh1, e´1s “ e´1, rh2, e´1s “ ´e´1,
rh1, ejks “ ejk, rh2, ejks “ jejk,
rh1, f´1s “ ´f´1, rh2, f´1s “ f´1,
rh1, fjks “ ´fjk, rh2, fjks “ ´jfjk,
re´1, f´1s “ h1 ´ h2,
re´1, fjks “ 0, rejk, f´1s “ 0,
rejk, fpqs “ ´δjpδkq pjh1 ` h2q ,
pad e´1q
jejk “ 0, pad f´1q
jfjk “ 0,
for all pj, kq, pp, qq P I im. The subalgebra h “ Ch1 ‘ Ch2 is the Cartan subalgebra of m. Now e´1 (resp. f´1)
is the positive (respectively negative) simple real root vector, and the generators ejk (resp. fjk) are the positive
(respectively negative) simple imaginary root vectors.
We define the extended index set
E “ tpℓ, j, kq | pj, kq P I im, 0 ď ℓ ă ju “ tpℓ, j, kq | j P N, 1 ď k ď cpjq, 0 ď ℓ ă ju.
and set
eℓ,jk :“
pad e´1q
ℓejk
ℓ!
and fℓ,jk :“
pad f´1q
ℓfjk
ℓ!
,
for pℓ, j, kq P E.
Theorem 2.1. ([Jur1], [Jur2]) Let g´1 be the subalgebra of m with basis te´1, f´1, h1, h2u. Then
m “ u´ ‘ g´1 ‘ u
`
where g´1 – gl2, u
` is a subalgebra freely generated by teℓ,jk | pℓ, j, kq P Eu and u
´ is a subalgebra freely
generated by tfℓ,jk | pℓ, j, kq P Eu.
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3. exp AND ad FOR INFINITE-DIMENSIONAL LIE ALGEBRAS
The usual approach to constructing an analog of the Lie group of a Lie algebra is to construct automorphisms
exppu adpeqqpyq “ y ` ure, ys `
u2
2!
re, re, yss ` ¨ ¨ ¨ ,
where u P C and e is a root vector of the Lie algebra.
For a finite-dimensional semisimple Lie algebra g, the simple root vectors ei and fi act nilpotently on the adjoint
representation, so exppu adpeiqq and exppv adpfiqq, u, v P C, are finite sums, thus are well defined automorphisms
of g.
For a Kac–Moody algebra g, the simple root vectors ei and fi act locally nilpotently on the adjoint representation.
That is, for all y P g, we have padpeiqq
npyq “ 0 and padpfiqq
mpyq “ 0 for some n,m " 0. This means
that exppu adpeiqq and exppv adpfiqq, u, v P C, are summable (recall that an infinite sum
ř
nEn of operators
is called summable if
ř
nEnpyq reduces to a finite sum for all y). Again this means that exppu adpeiqq and
exppv adpfiqq are well-defined elements of Autpgq. Replacing ad with a representation on an integrable highest
weight module V , a similar method gives an analog of a simply connected Chevalley group in the Kac–Moody
case ([CG], [CLM]).
For the monster algebra m, the real root vectors e´1 and f´1 act locally nilpotently on the adjoint representation.
However, none of the imaginary root vectors eℓ,jk and fℓ,jk do, and so this approach no longer works for the
monster algebra (or other Borcherds algebras). The same is true when we replace the adjoint representation by
many highest weight modules of interest, including generalized Verma modules.
4. COMPLETION pm OF m AND PRO-SUMMABILITY
The algebra m has the usual triangular decomposition
m “ n´ ‘ h‘ n`
where n˘ “
À
αP∆˘ mα, h is the Cartan subalgebra, ∆
˘ are the sets of positive (respectively negative) roots and
mα are the root spaces. Let ∆ “ ∆
` \∆´ and let Q denote the root lattice, that is, the Z-span of ∆.
The algebra m is Q-graded. Taking an appropriate mapping Q Ñ Z, we get a compatible Z-grading whose
homogeneous components mk are finite-dimensional for all k P Z. For i ą 0, let
ni “
à
i1ěi
mi1 .
We have a descending chain of ideals ([CJM], [CJM2])
n` “ n0 ě n1 ě ¨ ¨ ¨ ě ni ě ¨ ¨ ¨
with the property that n`{ni is a finite-dimensional nilpotent Lie algebra for each i ě 0. Thus n
` is pro-nilpotent.
We define the (positive) formal completion of m to be
pm “ n´ ‘ h‘ pn`,
where pn` :“ ź
αP∆`
mα “
ź
iPN
mi
is the pro-nilpotent completion of n`. Let pni “ź
i1ěi
mi1 .
Then pn`{pni is finite-dimensional and nilpotent for each i ě 0.
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Let eℓ,jk be the imaginary root vector as above. Then exppu adpeℓ,jkqqpyq is generally an infinite sum for u P C,
y P m. However, we call exppu adpeℓ,jkqq pro-summable since exppu adpeℓ,jkqqpyq reduces to a finite sum for all
y in
n´ ‘ h‘ ppn`{pniq
and for all i ą 0 ([CJM]). By taking the inverse limit, exppu adpeℓ,jkqq is a well-defined automorphism of pm.
Note, however, that exppu adpeℓ,jkqq is not a well-defined automorphism of m. Nor can exppu adpfℓ,jkqq be
defined as an automorphism of m, although it can be defined as an automorphism of the corresponding negative
formal completion of m, defined analogously to pm as above.
5. THE COMPLETE PRO-UNIPOTENT GROUP
The group Autppmq inherits a natural topology from pm. For i ě 1, we define subgroupspUi :“ tϕ P Autppmq | ϕpyq P y ` pnk`i whenever y P mku ď Autppmq.
Then pU “ pU1 is a closed pro-unipotent subgroup of Autppmq with pU ě pU2 ě pU3 ě ¨ ¨ ¨ and each pU{pUi is a
finite-dimensional unipotent group of automorphisms of pn{pni.
Every element g P pU can be shown to have the form
g “
8ź
i“1
exppadpxiqq
for some xi P ni. Any element y P pm is an infinite (formal) sum but, for g P pU , g ¨ y is finite when y is restricted
to n´ ‘ h‘ ppn`{pniq for all i ą 0. Thus every element g P pU is pro-summable when expanded as an infinite sum
of endomorphisms.
In particular, pU is generated (as a topological group) by the summable series
exppu adpe´1qq “ 1` u adpe´1q `
u2
2!
adpe´1q
2 ` ¨ ¨ ¨
and the pro-summable series
exppu adpejkqq “ 1` u adpejkq `
u2
2!
adpejkq
2 ` ¨ ¨ ¨ ,
both of which are power series in u with constant term 1.
The group pU is the analog of a completion of the unipotent subgroup of the adjoint form of a Chevalley or Kac–
Moody group (as in [CLM]). For Kac–Moody algebras, complete pro-unipotent groups have been constructed by
Kumar ([Ku]) and Rousseau ([Rou]).
We obtain the following analog of the adjoint representation. Let
Ad pU{ pUi : pU{pUi Ñ Autppn{pniq
be the adjoint representation of the finite-dimensional algebraic group pU{pUi and let
Expi : pn{pni Ñ pU{ pUi
be the exponential map. Taking inverse limits allows us to define Ad and Exp for pU and pn`.
For x P pn and g P pU we have
ExppAdpgqqpxq “ g Exppxqg´1
where Exp : pn` Ñ pU is the unique map making the following diagram commute
4
pn`
pU
pn{pni
pU{pUi
Exp Expi.
6. GENERATORS AND RELATIONS
In the finite-dimensional case, Steinberg gave a defining presentation for (adjoint and simply connected) Chevalley
groups over commutative rings ([St]). Tits gave generators and relations for Kac–Moody groups, generalizing the
Steinberg presentation ([Ti]). A suitable generalization of these methods gives us a group Gpmq for m in terms of
generators and relations.
An analysis of the sl2-subalgebras associated with roots of m suggests the following generators and relations for a
group Gpmq associated to m. Define the set of symbols
X “ tH1psq,H2psq,X´1puq, Y´1puq,Xℓ,jkpuq, Yℓ,jkpuq | s P C
ˆ, u P C, pℓ, j, kq P Eu,
where E “ tpℓ, j, kq | j P N, 1 ď k ď cpjq, 0 ď ℓ ă ju. Define the constant
cℓj :“ p´1q
ℓ`1
ˆ
j ´ 1
ℓ
˙
pℓ` 1qpj ´ ℓq
and additional symbols:
rw´1psq :“ X´1psqY´1p´s´1qX´1psq, rw´1 :“ rw´1p1q,
rwℓ,jkpsq :“ Xℓ,jk psqYℓ,jk
ˆ
´s´1
cℓj
˙
Xℓ,jk psq , rwℓ,jk :“ rwℓ,jkp1q.
Let pg, hq “ ghg´1h´1 denote the usual group commutator. We define the set of relations R as follows, for all
s, t P Cˆ, u, v P C, pℓ, j, kq, pm, p, qq P E.
5
Relations in the GL2pCq-subgroup associated with the real simple root:
X´1puqX´1pvq “ X´1pu` vq,
Y´1puqY´1pvq “ Y´1pu` vq,
H1psqH1ptq “ H1pstq,
H2psqH2ptq “ H2pstq,
H1psqH2ptq “ H2ptqH1psq,rw´1X´1puq rw´1´1 “ Y´1p´uq,rw´1Y´1puq rw´1´1 “ X´1p´uq,
Y´1p´tqX´1psqY´1ptq “ X´1p´t
´1qY´1p´t
2sqX´1pt
´1q,
rw´1psq rw´1 “ H1p´sqH2p´s´1q,rw´1H1psq rw´1´1 “ H2psq,rw´1H2psq rw´1´1 “ H1psq,
H1psqX´1puqH1psq
´1 “ X´1psuq,
H2psqX´1puqH2psq
´1 “ X´1ps
´1uq,
H1psqY´1puqH1psq
´1 “ Y´1ps
´1uq,
H2psqY´1puqH2psq
´1 “ Y´1psuq,
Relations between generators X´1puq, Y´1puq,Xℓ,jkpuq, Yℓ,jkpuq:
pXℓ,jkpuq, Ym,pqpvqq “ 1 for j ‰ p, k ‰ q, or |ℓ´m| ą 1,
Xℓ,jkpu` vq “ Xℓ,jkpuqXℓ,jkpvq,
Yℓ,jkpu` vq “ Yℓ,jkpuqYℓ,jkpvq,
pX´1psq,Xj´1,jkptqq “ 1,
pY´1psq,X0,jkptqq “ 1,
pX´1psq, Y0,jkptqq “ 1,
pY´1psq, Yj´1,jkptqq “ 1.
Action of the element rw´1 corresponding to the real root α´1:
rw´1Xℓ,jkpuq rw´1´1 “ Xj´1´ℓ,jkpp´1qj´ℓ´1uq,rw´1Yℓ,jkpuq rw´1´1 “ Yj´1´ℓ,jkpp´1qj´ℓ´1uq,
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Relations in the GL2pCq-subgroup associated with imaginary roots:
H1psqXℓ,jkpuqH1psq
´1 “ Xℓ,jkps
ℓ`1uq,
H1psqYℓ,jkpuqH1psq
´1 “ Yℓ,jkps
´pℓ`1quq,
H2psqXℓ,jkpuqH2psq
´1 “ Xℓ,jkps
j´ℓuq,
H2psqYℓ,jkpuqH2psq
´1 “ Yℓ,jkps
´pj´ℓquq,
rwℓ,jkpsq rwℓ,jk “ H1 ´p´sq1{pℓ`1q¯H2 ´p´sq1{pj´ℓq¯ ,
Yℓ,jkp´tqXℓ,jkpsqYℓ,jkptq “ Xℓ,jk
ˆ
´t´1
cℓj
˙
Yℓ,jk
`
´cℓjt
2s
˘
Xℓ,jk
ˆ
t´1
cℓj
˙
,
rwℓ,jkH1psq rw´1ℓ,jk “ H2 ´s´pℓ`1q{pj´ℓq¯ ,
rwℓ,jkH2psq rw´1ℓ,jk “ H1 ´s´pj´ℓq{pℓ`1q¯ ,
rwℓ,jkXℓ,jkpuq rw´1ℓ,jk “ Yℓ,jk
ˆ
´u
cℓj
˙
,
rwℓ,jkYℓ,jkpuq rw´1ℓ,jk “ Xℓ,jk p´cℓjuq ,
Yℓ,jkpsq “ Xℓ,jk
ˆ
s´1
cℓj
˙
H1
´
r´cℓjss
´1{pℓ`1q
¯
H2
´
r´cℓjss
´1{pj´ℓq
¯ rwℓ,jkXℓ,jk
ˆ
s´1
cℓj
˙
.
We now define Gpmq as the group given by this presentation, that is,
Gpmq “ xX | Ry “ F pX q{NR
where F pX q denotes the free group on X and NR denotes the normal closure of the relations R.
We define the following subgroups of Gpmq:
U`pCq “ xX´1puq, Xℓ,jkpuq | u P C, pℓ, j, kq P Ey,
U`
im
pCq “ xXℓ,jkpuq | u P C, pℓ, j, kq P Ey,
U`
im
pZq “ xXℓ,jkp1q | pℓ, j, kq P Ey.
Proposition 6.1. ([ACMY], [CJM]) The subgroup U`
im
pCq is a free product of additive abelian groups isomorphic
to C, indexed over E. The subgroup U`
im
pZq is a countably-generated free group. For fixed pℓ, j, kq, the group
xXℓ,jkpuq | a P Zy – Z is an infinite cyclic subgroup.
Our main theorem is the following:
Theorem 6.2. The map
X´1puq ÞÑ exppu adpe´1qq, Xℓ,jkpuq ÞÑ exppu adpeℓ,jkqq
embeds U`pCq as a dense subgroup of pU .
Hence an element of the subgroup U`pCq of Gpmq can be identified with an automorphism of pm, and an automor-
phism in pU can be approximated by elements of U`pCq.
Our group Gpmq does not act as an automorphism group of m. However, the action of the gl2 subalgebra on m is
locally nilpotent, and thus elements of the GL2pCq subgroup
xX´1puq, Y´1puq,H1psq,H2psq | u P C, s P C
ˆy
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can be identified with automorphisms of m.
7. ANALOG OF A SIMPLY CONNECTED KAC–MOODY CHEVALLEY GROUP FOR m
The analog of a simply connected Chevalley group can be constructed for Kac–Moody algebras g over commutative
rings ([CG], [CLM], [Rou], [Ti]). Constructing these groups requires a significant amount of additional data such
as a Z-form of the universal enveloping algebra of g, as well as an integrable highest weight representation of g.
The generators of m are not locally nilpotent on many of the highest weight modules that we encounter (including
generalized Verma modules). However m has a representation on a certain tensor algebra T pVq analogous to
standard irreducible modules for semisimple and Kac–Moody algebras ([JLW]). The parabolic subalgebra u`‘gl2
of m is locally nilpotent on the m-module T pVq.
The vector space V is one of two (infinite-dimensional) modules
V
´ “
ž
ią0
Vi
´, V` “
ž
ią0
V
`
i
where u´ “ LpV´q, u` “ LpV`q and LpVq denotes the free Lie algebra on a vector space V . Each V˘i is a sum
of certain highest weight sl2-submodules.
The m-module T pVq has the structure of a generalized Verma module and is induced from an irreducible module
for gl2 that is extended to a u
` ‘ gl2-module.
Using the representation ρ : m Ñ T pVq and a suitable highest weight λ of gl2, we have constructed a group
Gλpu` ‘ gl2q generated by elements of the form expptρpxiqq where t P C and the xi range over the generators
of u` ‘ gl2 ([CGJM]). This is an analog of the unipotent subgroup of a simply connected Kac–Moody Chevalley
group associated to the subalgebra u` ‘ gl2 of m. The group G
λpu` ‘ gl2q has a free subgroup corresponding to
the free subalgebra u` and is naturally pro-unipotent.
8. EXPLICIT AUTOMORPHISMS OF m
We have constructed automorphisms of m explicitly, giving a representation of the monster finite simple group M
in terms of automorphisms of m ([CCJM]).
The smallest permutation representation ofM is permutations on
d “ 97239461142009186000 “ 24 ¨ 37 ¨ 53 ¨ 74 ¨ 11 ¨ 132 ¨ 29 ¨ 41 ¨ 59 ¨ 71
points. Let
cp15q “ 126142916465781843075 “ 36 ¨ 52 ¨ 7 ¨ 1483 ¨ 666739430527.
The following gives an interpretation of the smallest permutation representation of M in terms of automorphisms
of m.
Proposition 8.1. ([CCJM]) There is an embedding
M ď Sd ď Scp15q ď Autpmq
which gives a representation of M in terms of permutations
σpk,k1q P Autpmq
for 1 ď k, k1 ď cp15q, where σpk,k1q P Scp15q permutes the indices on simple imaginary root vectors ejk of m.
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